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Introduction

29
Combinations of waves and currents exist in a wide range of coastal and ocean locations. They will also result in multiple effective wave systems. In laboratory experiments, two or more wave-50 current systems will exist when either trying to emulate these conditions at scale, or in the presence 51 of undesired reflections from tank walls or models (see Draycott et al. (2016) ). Whether focus-52 ing on field measurements or laboratory experiments, it is critical to understand the conditions 53 present so that design cases can be formulated and simulated, and measurements can be properly 54 contextualized.
55
Here we present a numerical framework that is able to resolve a wide range of wave and wave-56 current conditions. An interior point optimization solver, IPOPT (Wright, 2005; Wächter et al., 57 2015), is used, in the frequency domain, to solve for unknown wave and current parameters by 58 minimizing the sum of square errors between measurements and a proposed wave or wave-current 59 field formulation. This error function, based on linear wave theory in the present case, serves as 60 the objective function to the optimization problem and can be modified to solve specific problems 61 using the same solution approach and solver. This approach can therefore be readily adapted to 62 operate on various wave parameters depending on the measurements available. In this paper we with wave gauge data alone; by virtue of solving for the current affected wavenumbers directly.
68
Though applied to this problem due to its relevance and applicability in both field and experimental 69 work, it is envisioned that the same framework can be applied to resolve wave systems and current 70 in a number of other scenarios, such as: 
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2. isolating more than two wave systems e.g. multiple incident and reflected wave fields 74 3. measuring directional spectra and inferring current velocity 75 4. isolating combinations of directional spectra 76 5. isolating combinations of directional spectra on current, and inferring the current velocity 77 Only applicable to experimentally obtained data, where the single-summation method has been 78 used to generate the directional sea states.
79
The article is laid out as follows: Section 2 describes the theory related to wave-current interac-80 tion and interior point optimization. The methodology used to solve the aforementioned problem 81 is detailed in Section 3, whilst also describing the numerical framework developed to solve for 82 analogous problems. The experimental set-up is described in Section 4, results presented in Sec-83 tion 5, and further discussion in Section 6. Concluding remarks are offered in Section 7. 
Theory
85
The theory presented in this section is limited to two wave systems, and focuses on problems 86 incorporating current. It is, however, trivial to modify the presented formulae to include additional 87 or fewer wave systems, or to ignore the current, if appropriate. The subsequent ability to solve a 88 given formulation depends on the number of gauges together with their respective separations. is required for problems with current due to the Doppler shift, and is described in Jonsson (1990) .
100
It is worth noting that this simple formulation assumes that the current field is steady and uniform.
where β is the relative angle between the wave and current fields, and β = 0 for waves travelling 102 on a following current. ω i is the angular frequency, k 1 and k 0 are the current modified and current
103
unmodified wavenumbers respectively, and h is the water depth.
104
For waves opposing current this has the effect of steepening the waves; a combined effect 105 of increased wave height and reduced wavelength. The opposite is true for waves following a current. An example of this interaction is depicted in Fig. 1 , whereby a monochromatic wave is
107
shown propagating onto an opposing current field. 
where F is the set of frequency components, N θ is the number of directional components, a j,m
113
and k 1, j,m are the component wave amplitude and wavenumber for the frequency-angle combination
114
( j, m), and Φ j,m is the corresponding phase referenced at t = 0 and [x, y] = 0.
115
In the frequency domain, the equivalent formulation for A j,p , the Fourier component at fre-
116
quency j and wave gauge p in the set of wavegauges P, is as follows:
where a j,m is complex and includes the phase, Φ j,m .
118
These describe sea states with an arbitrary number of frequency components, and an arbi- 
which is then a valid linear wave theory approximation for ocean data and tank experiments where 125 unidirectionality can be assumed, and for all basin experiments which utilise single summation 126 directional wave generation.
127
When there are two wave systems (at each frequency), as described in Section 1 (i.e. two op-posing systems in a channel, reflected wave systems etc.) it is necessary to extend this formulation, The wave field in the measurement (current) zone is made up of incident and reflected components from a structure. In the diagram the reflecting structure is shown inside the current zone but could equally be outside.
Highlights that for a given frequency component, with respect to an evaluation function which judges the relative quality of the proposed solutions.
148
A search algorithm is then deployed to minimize or maximize this objective function (Burke and of the objective and constraint functions in order to converge to the optimal solution (Ye, 1997).
165
As they are gradient based methods, they can converge to local solutions depending on the ini-
166
tialization of the optimizer and are not guaranteed to converge to a global solution, however, they 167 can often demonstrate better convergence properties than a global optimizer for a well structured 168 problem with defined derivatives (Wächter et al., 2015) .
169
IPOPT introduced by Wächter (2002) and further developed in Wächter et al. (2015) is an interior point optimization algorithm which designed for large-scale continuous non-linear single objective optimization problems. IPOPT solves non-linear optimization problems in the general form:
where x is the vector of decision variables; f (x) is the convex objective function to be mini- 
Isolating Multiple Wave-Current Fields using Wave Gauge Measurements
174
Typically it is desirable to have a greater number of wave gauges (with useful separations) 175 than degrees of freedom, and hence the system is over-resolved. To resolve the wave systems in an 176 over-determined system, the total discrepancy between the measured, B, and theoretical Fourier 177 coefficients, A, is minimized. This is described by Eq. (8) for each frequency component ( j) and 178 every wave gauge (p) in the set of wave gauges (P).
where A j,p is any theoretical formulation corresponding to the expected physical conditions.
180
For the experiments presented in Section 5, Eq. (7) is used. The objective function, E j , to minimize 181 is based on minimizing the weighted sum of square errors across all wave gauges:
where W j,p is the weighting function applied for a given wave gauge and frequency, and can be 
Estimating Current Velocity
196
The generalized solver developed here is capable of isolating the wave systems without any wave system:
where β is the separation angle between frequency component j of the wave system and the rienced by the waves and the depth averaged velocity should be relatively small.
207
Due to more stable results noted for the dominant wave system, the total current velocity 208 estimate is obtained by weighting frequency-dependent estimates of U from the incident system 209 by the incident amplitudes:
Formulation of Optimization Problem
IPOPT allows any parameters of interest regarding the wave systems to be resolved using the 212 same overarching methodology. To accomplish this the specific decision variables, objectives, and 213 constraints must be representable in the general from given in Section 2. It is important that the 214 objective function, generally an error function to be minimized for parameter estimation prob-215 lems, includes contributions from each of the decision variables. Likewise it is important that the 216 constraint set correctly describes the relationships between the parameters and their limitations.
217
In the section that follows, the optimization problem for resolving two coinciding wave systems 218 in the presence of current is formulated in full, and the solution approach using IPOPT is de-219 scribed. Though the formulation below is specific to the problem at hand, the general approach 220 demonstrated can be used to solve for any parameters of interest in the combined wave-current 221 system.
222
To solve for the wave systems in the present over-determined system, the problem is formulated which define the wave and current systems. This objective is given in Eq. (12).
227
The decision variables represent the complex amplitudes given by a inc, j , a re f, j , along with the 228 two wavenumbers k 1,inc, j and k 1,re f, j for the two wave systems. To conform with linear wave theory, and (14)).
231
Unlike the wavenumbers, the complex amplitudes are not expected to increase with frequency • k 1,inc, j : the wavenumber of the incident wave spectra at frequency j 248 M A N U S C R I P T
A C C E P T E D ACCEPTED MANUSCRIPT
• k 1,re f, j : the wavenumber of the reflected wave spectra at frequency j
In the event that the current direction is known relative to the incident wave field (i.e. if the • wavenumber of the wave system following currents are greater than the current unaffected 257 wavenumbers (Eqs. (24) and (26).
IPOPT as a gradient based optimization algorithm requires the first derivative of both the objec- 
Using the exact gradient as defined above leads to a more robust optimization process and which imposes that the wavenumbers must increase with frequency, is linear. As the constraint is 276 linear, the Jacobian is constant and must only be evaluated once during the optimization process.
277
IPOPT which is distributed as part of the COIN-OR project (Lougee-Heimer, 2003) is dis-278 tributed with a Matlab interface which has been used here to execute the optimization process. Each of the sea states were generated in current velocities of -0. 
Instrumentation
307
A linear wave gauge array has been deployed comprising of nine resistance-type wave gauges. 
Results
319
Optimization Performance
320
For each of the sea states given in Table 1 , IPOPT was executed to minimize the error function 
327
IPOPT was set to terminate either once a maximum number of iterations (1,000,000) was 328 reached or once the standard convergence criteria given by Wächter et al. (2015) were reached.
329
For all 35 sea states considered, the maximum number of iterations was never reached, and the 330 solutions reached the required convergence tolerances in between 57 and 100,000 iterations de-331 pending on the case. As IPOPT is a trajectory based algorithm, the initial solution given in Table 2 332 was supplied for each frequency component, j, at the start of the optimization process. Consis- represent an accurate, low-error, estimate of the parameters of the wave systems. 
339
α j 0.10 γ j 0.01 ζ j 0.10 µ j 0.01 k 1,inc, j k 0, j k 1,re f, j k 0, j
Isolated Incident and Reflected Wave Systems
340
Each of the five irregular wave cases defined in Table 1 input spectra. This indicates that, in these instances, the two wave systems have been well isolated;
346 which tends to be particularly true for cases with low peak frequencies, in following current, or 347 both.
348
The effective isolation of the wave systems when the dominant, incident, wave system is prop- the methodology in general is more robust for isolating dominant wave systems following current 377 rather than opposing them. This is further supported by the coefficients of determination presented 378 in Table 3 comparing the parameters estimated using IPOPT against those identified in Draycott Table 3 : Coefficients of determination between parameters estimated using IPOPT and those found in Draycott et al.
(2018). The terms "following" and "opposing" refer to the direction of the incident wave system relative to the current. In addition to resolving the incident and reflected spectra, as shown in Section 5.2, it is also 386 possible to reconstruct the incident and reflected time series of surface elevation. This is owed to the phase-resolved solution approach, enabling the time-series of the two systems to be inferred.
388
For the incident and reflected systems this can be calculated via an Inverse Fast Fourier Transform
389
(IFFT) at a specified x location using Eqs. (33) and (34) respectively.
where F −1 represents an IFFT.
392
An example of the isolated incident and reflected time-series at x = 0 is provided in Fig. 11 for 
Estimating Current Velocity
402
Once the optimization process was completed, the total representative current velocity, the 
425
The presented methodology has demonstrated its capabilities in estimating the parameters of of the PM spectra. The secondary wave system, the reflected spectra in the experimental work,
435
was not as smoothly defined especially in conditions where the dominant wave system (the inci-436 dent spectra) were opposing the current. The expected form of the reflected system is, however,
437
unknown and as such the true error is somewhat difficult to quantify.
438
The initial solution for the optimization shown in Table 2 were initially selected as they rep- it also introduced this discrepancy in the wavenumbers if the initial point was not well selected.
462
The high frequencies above the peak frequency of the spectra where this error is present is charac- 
471
A similar sensitivity study on the initial point for the amplitudes yielded no discernible change 472 in the final solution, but had a greater impact on the rate of convergence. 
Future Work
474
The results presented here considering two wave systems in the presence of current is of di- 
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• Frequency domain solver developed for resolving combined wave-current fields • Wave gauge measurements from a circular combined wave-current tank utilized • Method enables the isolation of wave systems and prediction of current velocity • Low errors observed in estimates of incident and reflected spectra and wavenumbers • Applicability to a wide range of complex wave and wave-current fields
